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FRIENDS AND STRANGERS WALKING ON GRAPHS
COLIN DEFANT AND NOAH KRAVITZ

ABSTRACT. Given graphs X and Y with vertex sets V(X) and V(Y) of the same cardinality, we
define a graph FS(X,Y’) whose vertex set consists of all bijections o: V(X) — V(Y), where two
bijections o and ¢’ are adjacent if they agree everywhere except for two adjacent vertices a,b € V (X)
such that o(a) and o(b) are adjacent in Y. This setup, which has a natural interpretation in terms
of friends and strangers walking on graphs, provides a common generalization of Cayley graphs
of symmetric groups generated by transpositions, the famous 15-puzzle, generalizations of the 15-
puzzle as studied by Wilson, and work of Stanley related to flag h-vectors. We derive several
general results about the graphs FS(X,Y") before focusing our attention on some specific choices of
X. When X is a path graph, we show that the connected components of FS(X,Y") correspond to
the acyclic orientations of the complement of Y. When X is a cycle, we obtain a full description
of the connected components of FS(X,Y’) in terms of toric acyclic orientations of the complement
of Y. We then derive various necessary and/or sufficient conditions on the graphs X and Y that
guarantee the connectedness of FS(X,Y"). Finally, we raise several promising further questions.

1. INTRODUCTION

Let X be a simple graph with n vertices. Imagine that n different people, any two of whom are
either friends or strangers, are standing so that one person is at each vertex of X. At each point in
time, two friends standing at adjacent vertices of X may swap places by simultaneously crossing
the edge that connects their respective vertices; two strangers may not swap places in this way.
Our goal is to understand which configurations of people can be reached from other configurations
when we allow the people to swap places repeatedly in this manner. The resolution of this problem
certainly depends on the graph X, as well as on the information about which people are friends
with each other; this further information can be encoded in a graph Y whose vertex set is the set
of people and where edges indicate friendship.

To formalize and refine this problem, we define the friends-and-strangers graph FS(X,Y’) whose
vertex set is the set of bijections o: V(X) — V(Y). Two bijections o,0’: V(X) — V(Y) are
adjacent in FS(X,Y) if and only if we can find an edge {a, b} in X such that:

e {o(a),o(b)} is an edge in Y;

'0() o'(b) and o (b) = o’(a);
o(c) =d'(c) for all c € V(X) \ {a, b}.

When this is the case, we refer to the operation that transforms o into ¢’ as an (X,Y)-friendly
swap across {a,b}. Performing an (X,Y)-friendly swap corresponds to allowing two friends to
swap places in the graph X. Notice that the isomorphism type of FS(X,Y") depends only on the
isomorphism types of X and Y. Since we will usually be concerned only with the graph-theoretic
structure of FS(X,Y) (such as the number and sizes of connected components), we will often specify
the graphs X and Y only up to isomorphism.

It is sometimes convenient to assume that V(X) and V(YY) are both the set [n] := {1,...,n}.
In this case, the vertices of FS(X,Y’) are the elements of the symmetric group &,,, which consists
of all permutations of the numbers 1,...,n. For i,j € [n], let (ij) be the transposition in &,
that swaps the numbers ¢ and j. If o € &,, is such that {7, } is an edge in X and {o(i),0(j)}
is an edge in Y, then we can perform an (X,Y')-friendly swap across {i,;j} to change o into the

permutation o o (7 j). If we write the permutation o in one-line notation as o = o(1) - - - o(n), then
1



60 Bou, cwont to be oo

/\

o What does it poon 40 be a matbenadtician®
e Whot do 3oucio?

o fowo could | become a prathamotician?

* Con | bocome a mathenatician

e How mach school do | need?

o How do ! 32,{; into (jr&A. scheol ¢

¢




. D|-re,c+¢A Qméfnj Rojro\_ms (DIZP)

o Rc,seo\rcla EYPer\'ence -S?o( unclerjraducdts:
hitpes 1//www.ns{.’, 3"V/CY‘SSFr3M/re_u/

® CamPu;éer science (C5> SL"’/S oré US&%«"Z, :
So take some (S courses r‘F HOWM’

® Toke comnrses thot inferest 5"‘* becouse

math hos nmaen a—PP/l‘cafft‘ons.

Em,omlaer'- L/our mental heo-[dt ComeS ffrs(: .(

Post - Boccalawreate
R'oarowns

e These ave gor Peop|e woho
waont to 30 to Dr&d school

for otk but Lol like they
ne&d ynovreé bm)‘_carouné.

* These are Sfﬁdt!



G roduate
School

° 5"(0 a_e,afs

) TMJ&J b 'f&//owslu'ps
or ‘{a(’,a.ckfng (zok- SOL)

¢ The 'ﬁrst 2-3 g,eqrs Eou
toke courses and some

preqrams reguire that
30'4. P&SS 2-3 wrl'.’_.’.e_h

exams on [parn‘-/cu/ar

topics.

o The last aears aou— )PMOL
on pdyisovy (a Fra)(’assor>
who helps gou cwrite

0. disertation (o. loia reSearch

Paper).

Post - doc

e 1-C 8e,oJ'S

18 thegre shorfer g
ma} do 2-3.

o TMJCA b jran+5 or
rded by
j -f—ea.ckm2

* This is when ?0‘4— ha
to puf toje,t er o
VesQarc‘A PI’O ramm

cnd real( ‘F’j‘*m ot
who Yoy ore as O

redbenotician.

¢ Give talles on aow’

resear ol

19 aauu DV\lda want
to teada, You Con
Skip this step and
a-ppfj +0 he o professcr
ot o libeval srts sdrool.

. AS lona &5 80u coart
t tfennte
once uaou 6‘*

e Teach counrses

° }.p 'aou-h?_ at « resecwc,L

insFiration, aou worle on

Douur reseaych and odvice

Sm.,d vwede students,

o ?ar'-}icfpa-f'c in comittees
2o help +he moth dept.

ran.

e (oo C.om.)@,m)r\c,eas ond.
3:'!/{, tolles on Zpu._r

rve,é‘ea.rck.

o ... a-.né muCL\ rore .



Sut remerm ber .

° Ll)oub C-re ULV\"%,LLQ, cond UJIH e ke ‘aou—" owhn M’Ziulpatl’l'

e lts slwonts ok o decide "HAL pa,fLL :aou, are on S
Vlot Vljl« 7001’ 30% 5'”"\0, ,%Ve— aon joro(jraum 8OUL
are 'n at any time, even "7‘? Fhe Ghanga seens

weird to othér Peop/e..

¢ c/)au a’oh‘fz me_e/d to ‘oe, In &cadew@‘éo en\}oad,l )’VLCCELI.'



(\\/ \
‘ \/LOJ\‘\%OM('

adoms @ ucdovis.edu

L\‘ - Q.AQ—MSO com

a,slnle,{
%






