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1 SimplicialComplexes

DEI A simplicialcomplex Δ on a set V 1 in

is a collectionofsubsetsFCVcalledfaceswhich
satisfy

i If vev then u Δ

Ii If G E F and Fe Δ then GEΔ

ᵈ

ÉÉÉl
so that FEG is called a

facet Δ
ofIf F is a maximalfacet

then dim s dim F
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DEF The Stanley Reisnerringof asimplicialcomplex Δ
on a vertex set V is the quotientring

1k river
IKEA

a a Δ

EX 1cont Ex Simplex

Let Δ Δz the 2 simplexlk xnxx.in

II 11 472 35 1 9 x x
lk s
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Erkateries

tgebraicemetry.sik xi Xn deglx 2 Li a linebundleon BUM

i C Li E H BUG 2
SEE Theelementarysymmetricfunctions is the first Chern classof

e x Xn en x Xn Li
aregivenby Bi BU 1 BUn

ex x xn Xs Bi c Lil e

II Fine torus
DEE The coinvariant algebra Kf flagvariety

An SE
n Thecohomologyringof

e x i i en x KIT is An
































































THI Artin
iia

The substaircase monomials

I O αi 1 degree monomial
0 1

form a basisforAn 1 2 3 a

2
2 3 a

EI f
1k c a

le 1 7 ezlxl.es x eg x1 3 2x ex

3 4 3 2
2 3 4

e Ix it at 4

ezel at x x a xzx t exat 3 4

ez x ex 1 2 4 2 3 4

eq x 2 3 4
































































Youngdiagrams

DEI Let JEN Asequence DEIAyoungdiagramfor
7,2 27 an integerpartition

with AEEN such is afinitecollectionof
41 boxesarranged inleftthat

EX s
justified rows with row

is called a partition and lengths in non decreasing

wedenote it order

7 Ai At j

EI 7 12,1 1 3 because 2 7 3 EI 24 boxes 3
































































Young.fi

ramfyeng
diagramintegerpartitions

n 3

3 0 3
3

2 7 1 3 2 1

1 I 4 1 3
l
































































Monomialsandpartitions

N.ltIn 1 n

EI Ik x 2XsXs Xs a

A X At I n

TE n IT t

G symmetricgroup with a 62 4 42.4.6
permutation values in T

ix XxixNEGT

Aon Ame reordering

A monomial m elk x xn
with dog Arci or α o otherwise
































































A combinatorialmethod
forcomputingthetrtinba.se

Setup Def Apartition it fits if all

Step 1 Draw an nxn box tacit fit underthediagonal

Step 2 Draw in a diagonalborder Ey n t
SESE ES

anadri a ten in
thatfit

is asubstaircasemonomial

Thesetofallsuchmonomial am
2 1 m 2 4
































































DEELet Sbeagradedringand
let Mbe anNdgradedSmodule
then

M Mb

Éj wecanobtaintheHilbertseries

fromthesubstairiasediag.ro

Artin

HilbAn q In q

g In nDq 1
g

p
n
q
I q q q

writer
































































j 1 placements total n 4
0 1
1 11 4 32 3
2 2 13

51111 9322

3 4 1,32 6
11111

4 13111 92
1212 S Hilb An.gr 1 3qt5q2 6q3
12 584 385 196

5
i 3
1212111

6 13.2.17 1
































































THI A

HilbAng E I tilt x qb
































































3a A generalized coinvariantalgebraAT

Let Δ An be an n simplex then

IKEA 1k x n

as an Sn module weobtainthe
coinvariantalgebra

What if Δ is not
a mitten

simplyimp
withbasisgivenbythesubstaircase
monomials
































































Let Δ An be an n simplex then Let Δ be a simplicialcomplex
ofdimension d 1 on n verticeswith

Δ 1k in
Stanley ReisnerringIK A SIs

as an Sn module weobtainthe

coinvariantalgebra Theuniversalsystemofparameters

in

An mitten
Or EFF

withbasisgivenbythesubstaircase dim f K 1
monomials

is a homogeneoussystemofparameters
Define

A
































































Question 1 CanwecomputetheHilbertseriesforAi

Answer Yes

Question2 Can we find an explicitbasisfor Ai

Answer Sometimes









































When I Im'Tinsistent

To theleadingterms

Iot Can we find a
simplerwayof
computing
































































Thegradedrever.seexicographicorder grewT
Input monomials m mz

Steel Comparedegrees
i If deglm deg me or deg m deg me
then m guerlex me or M guerlex MZ

ii If deglm deg me thenproceed to step2

Steps Use lexographic alex or lex

If m clex me then m guerlex MZ

If m lex me then m Lguerlex MZ

It's
































































1k x Xn
Let A e x ene

ˢm ÉEcan beofanydegree
Weaskfor mic Mit andthat Mit is the least
possible next choice that is stillgreaterthan me

least togreatest

E n s Let Is 5 5
Xie's

Is s 1s 2 3 4
































































TIM A Recipieforcomputinga minimal
generatingsetfor Int Is

1 Let In G xin to a i i subm

2 Foreach m with 1 supp m In g In G U m

istheleast integer in

inner it TE.figItQif in einal

I 1 and air 1 inner it r

thenwe reduce thedegreeof in sothat

dip α p 1

o.w In G In G U mi
































































ConsiderA as an N gradedring
A LA b Ai Ai Ai ath

AP span y Xx2 for all yBc In G

id Punchline Thereis a combinatorial

methodforwritingdown
thesemonomials explicitly
































































A combinatorial modelfor
computing

a basisfor A
Let A

1 Draw an nxn box with
diagonalboundaryalaAn

2 Define a coloring
a T.IE xE Is

c In G 1 Incal
m m
































































x x2X x2Xxi

3 For each m c In G I

we place a ball ofcolor m in

row i column i
to

DEF Let f X Xe rest Te 2 in Itt it 1

bea partitionthatfits Iftheyoungdiagram
corresponding to foci whichfits in row old to

has a box whichhas a ball in itofcolormethenwesay that Arci Storm
E 211

59213,4 3,2
































































1
4 Tocomputethe basisBofA

werequirethatanypartition I It d

thatfitsalsohavethepropertythat
supp x 3 2

partsofAwithcolorme E A 2,1

su m 9 3,2 7 fits
a 3,9 102doesnotfitforallmelnG

5 Foreach 7 thatfits
1 defines a monomial 19

in
to i to i and α 0o w 2 3EB

3 4 B
































































THI A If I x ae b fits then

where α aci Aaa and α 0 otherwise is ageneratorofthe
b th gradedpiece A ofAi Allsuchmonomialsform
a generating setfor A b Moreover

at b 1 b non i and fits

forms a basisfor A

Ioof This holds generallyfor all
choicesof Δ

choiiesgfnsf.iewfI
































































A Hilb Ai g Ʃ q
4th1,2 In 1

ns.tI fits

IoT ButHilb Ai q is invariantunder Gnam meta

Thus the abovetheorem holdsfor any choiceof Ia
































































mple n 5 Is xoxoXsXs XsXzx

degree Hilbertseries

1 4q
2 344 491

315 3453 InG xsxa.xsxs.is
3 1q 5 q

9
1g

4 0q 2
142.4 2q

Oq

5 0q Oq 1g Iq tnqui 0912 0g

6 1911121

HilbAP q 1 4q 7q 7q 5q 38 186
































































Applications

Let Δ beasimplicialcomplexof Let 0 0 0a S bethe
dimensiond 1 let 1k Δ SID universalsystemofparameters

i e
beitsStanleyReisnerring

EMIA Let so ALIKE
2a

thenfor1kΔ as an A module

dimator IKEA 1k b fits

Proof Tort 1k a 1k S Is Oak IntI A

Hilbtti.liE
4 marfits
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Whatdoesthismeangeometricay.ph






























































































